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ABSTRACT: String theory on AdSj3 space-times with boundary conditions that allow for
black hole states has global asymptotic symmetries which include an infinite dimensional
conformal algebra. Using the conformal current algebra for sigma-models on PSU(1,1|2),
we explicitly construct the R-symmetry and Virasoro charges in the worldsheet theory
describing string theory on AdSs x S2 with Ramond-Ramond fluxes. We also indicate how
to construct the full boundary superconformal algebra. The boundary superconformal
algebra plays an important role in classifying the full spectrum of string theory on AdSs
with Ramond-Ramond fluxes, and in the microscopic entropy counting in D1-D5 systems.
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1 Introduction

The holographic correspondence between gauge theories and gravitational theories has
shed light both on non-perturbative quantum gravity and on strong coupling phenomena
in gauge theory. The quintessential example of a pair of theories related by holography
is the four-dimensional N' = 4 super Yang-Mills theory, and type IIB string theory on



the AdSs x S° space-time with Ramond-Ramond flux [1]. The further development of
the correspondence has been somewhat hampered by the difficulty in solving string theory
on non-trivially curved backgrounds with Ramond-Ramond flux (except in a plane wave
limit [2, 3]). A tool that has stimulated significant progress is the integrability of the
spectrum of the dilatation operator in N' = 4 super Yang-Mills theory [4] as well as the
integrability of the bulk worldsheet o-model [5, 6]. The integrable structure is coded in
the existence of an infinite number of non-local charges.

In a particular instance of the holographic correspondence, one can make headway via
the existence of an infinite number of local charges. Indeed AdS3 x S3 bulk superstring
theory is dual to a conformal field theory in two dimensions. It therefore has the exceptional
property of having an infinite number of local charges which extend the finite dimensional
isometry group [7]. We believe it is important to construct the symmetry algebra in the
bulk string theory explicitly and to exploit it maximally in classifying the spectrum. It
will moreover be interesting to see how the local infinite dimensional symmetry algebra
intertwines with the integrability of the model.

Quantum gravity on AdS3 space-times supplemented with boundary conditions that
allow for black hole solutions has an asymptotic symmetry group which includes the
two-dimensional conformal algebra [7]. For string theory on an AdSs background with
Neveu-Schwarz-Neveu-Schwarz flux, the space-time symmetry generators were explicitly
constructed in terms of worldsheet operators in [8-10].

Here we concentrate on AdS3 x S? backgrounds of string theory with non-zero Ramond-
Ramond flux with eight or sixteen supercharges. These backgrounds arise as near-brane
geometries of D1-D5 brane configurations (which may also include fundamental strings and
NS5-branes). After introducing a third charge, the conformal symmetry is central in the
microscopic counting that reproduces the Bekenstein-Hawking area formula for the black
hole entropy. We believe it is useful to exhibit this symmetry directly and explicitly in the
D1-D5 near-brane geometry.

To that end we work in the hybrid formalism of [11] which renders eight spacetime
supercharges manifest. In that formalism the central part of the worldsheet model is the
sigma-model on the PSU(1, 1|2) supergroup (or rather, its universal cover), which contains
a bosonic AdSsx S? subspace. The main building block in constructing the vertex operators
of the spacetime symmetry generators are the curents of the PSU(1, 1]2) supergroup model
which satisfy a conformal current algebra found in [12]. Technically, our analysis is a
non-chiral version of the construction of the super Virasoro algebra in [9, 10, 13] for the
case of F1-NS5 backgrounds. For interesting studies of the supergroup sigma-model on
PSU(1,1]2) at the Wess-Zumino-Witten points and beyond in the context of string theory
we refer to [14-17].

This article is organized as follows. In section 2 we review key features of the worldsheet
sigma-model in the hybrid formalism. The worldsheet current algebra of the model is
recalled in section 3. The construction of the vertex operators for the R-current algebra
generators in space-time and the calculation of their operator product expansion (OPE)
is performed in section 4. In section 5 we indicate how to construct the full space-time
super Virasoro algebra and discuss the properties of the operator that plays the role of



the central extension in the spacetime algebra. We summarize and make our concluding
remarks in section 6. Some technical details regarding the worldsheet action and certain
aspects regarding worldsheet operators and their OPEs are collected in the appendices.

2 String theory on AdSs; x S® with Ramond-Ramond fluxes

In this section, we briefly review the hybrid formalism, the supergroup sigma-model that
describes the AdSs x S® background with Ramond-Ramond fluxes, and its relation to the
near-brane geometries. We also discuss the BRST operator of the worldsheet theory in the
hybrid formalism, whose cohomology determines the physical string Hilbert space.

2.1 The hybrid formalism

The hybrid formalism introduced in [18] allows one to covariantly quantize string theory
with Ramond-Ramond fluxes in a six-dimensional space-time. It renders eight supercharges
in space-time manifest.! The formalism is based on defining space-time fermions #%® and
their conjugate momenta py, in terms of the spin-fields in the RNS formalism. There are
six bosons corresponding to the six space-time directions as well as two chiral interacting
bosons p and ¢ (and their right-moving counterparts p and &) related to the bosonized
ghost systems of the RNS formalism.

In the AdSs x S® background the ghost fields ¢ = —p — ioc and ¢ = —p — iG are
respectively chiral and anti-chiral (up to interaction terms). The ghosts appear in the
action as exponentials of the fields ¢ and ¢ with positive exponent. In other words, the
worldsheet action is a perturbation series in the variables e® and e?. Tn the presence of
non-zero Ramond-Ramond flux, the worldsheet Lagrangian is quadratic in the fermionic
momenta puq. It is then possible to integrate out the fermionic momenta, so that the action
only depends on the bosonic and fermionic coordinates (as well as the ghosts) [11].

2.2 The supergroup sigma model

We will work to lowest order in the ghost exponentials. At this order, the action pertaining
to the six-dimensional space AdS3 x S? is a non-linear sigma-model with target space the
(covering of the) supergroup manifold PSU (1, 1]2) [11]. The supergroup PSU(1,1|2) has a
maximal bosonic subgroup which is SU(1,1) x SU(2). There is a corresponding psu(1,1|2)
superalgebra which is a particular real form of the psl(2]2) superalgebra. The latter is
defined by its generators and their (anti-)commutation relations are given by

[Kab, Ked) = 0acKpd — 6adEKpe — OpeKad + 0paFac
[Kaba Sca] - 5acha - 5chaoz

1
{SaonSb,@} = §€aﬁeabchCd- (21)

IThere exists another formulation of the six-dimensional hybrid string which renders sixteen supercharges
manifest [19]. In this formalism, the space-time AdSs X 53 is embedded in a super-coset. We concentrate
on the formalism defined in [18] in which the manifold AdSs x S® is embedded in a supergroup [11].



where a, b are vector indices of so(4) ~ sl(2) x sl(2). The generators K, = —Kp, are the
bosonic generators. There is an outer automorphism algebra sl(2)y (which has the real
form su(2)oyt in the case of the algebra psu(1,1]2)) and the indices «, # run over the states
in a doublet of s1(2)y;. The tensor €,s is anti-symmetric. Under the bosonic subalgebra
and the outer automorphism algebra si(2) @ sl(2) @ sl(2)oy the six bosonic generators
transform as (3,1,1) + (1,3,1) and the eight fermionic generators as (2,2,2) for a total of
fourteen generators that span the adjoint of psl(22).

There is no fundamental representation of the psl(2|2) algebra, but in the appendix
we give an explicit 4 x 4 matrix parameterization of the si(2|2) algebra (which is the
psl(2]2) algebra augmented with a central bosonic generator). Explicit calculations can be
performed with the matrix parameterization of this algebra, and results for the psi(2|2)
model are obtained by dividing out by the central generator.

The action of the non-linear sigma-model on the supergroup is:

S = Skin + Swz

Sin = 167 f2 /dzZTTI[_a“glaug]
ik . U
Swz =g, /B dPye® 1 Tr' (g7 0099 9399 049) (2:2)

where ¢ takes values in the supergroup PSU(1,1|2) and 77 indicates the non-degenerate
bi-invariant metric. It can be thought of as the supertrace in the su(1,1]|2) superalgebra.
We parameterize the group element g € SU(1,1|2) as

g= eaeeaasaagssgAds3 s (2.3)

where the first factor represents the U(1) to be divided out, the second factor the fermions,
the third one an element of the group SU(2) and the last factor an element of the group
SL(2,R). We spell out the non-linear supergroup sigma-model action in much more de-
tail in terms of a global coordinate system in appendix A.2. From the kinetic term in
equation (A.35), we find that the quadratic fermionic term in the action takes the form

1 2 ac 3nb,
Sfermionic = W /d z 5ab6a,889 80 G + ... (24)

The main advantage of the hybrid formalism compared to the Green-Schwarz superstring
is that it is covariantly quantizable.

2.3 The brane configuration

The coefficient # multiplying the kinetic term is the square of the spacetime radius. The
coefficient k multiplying the Wess-Zumino term is quantized. It is equal to the number
of units of Neveu-Schwarz-Neveu-Schwarz flux on the three-sphere. When AdSs; x S? is
realized as the near-brane geometry of a system of NS5-F1-D5-D1 branes, the couplings
f_12 and k are related to the number of NS5-branes Qg5 and D5-branes () ps through the



formulas [11]:

1
2 Nss T 92QDs
k= Qnss, (2.5)

where g, is the ten-dimensional string coupling constant. Note that since the D5-branes
are a factor of 1/gs lighter than the NS5-branes, they curve the geometry less strongly.
Supersymmetry requires the relative number of D1-branes compared to Fl-strings to be

equal to the relative number of D5-branes compared to NS5-branes. We thus have:

(Qnss,Qps) = Qs(p,q) and  (QF1,Q@p1) = Q1(p, q) - (2.6)

and via the attractor mechanism @ (divided by @s) fixes the volume of the compactifica-
tion manifold. For a type IIB superstring background with sixteen or eight supercharges,
the internal manifold can be either a four-torus or a K3 manifold.

2.4 The physical Hilbert space

The worldsheet theory also contains an N = 4 superconformal model at central charge
¢ = 6 associated to the compactification manifold. Via the ghosts, the principal chiral
model with Wess-Zumino term is coupled to the compact theory. The correlation functions
of the model can be defined in terms of the prescription for computing N = 4 topological
string amplitudes [18].

The physical string Hilbert space is given in terms of a set of constraints that can be
defined in terms of an N = 2 superconformal algebra. In particular, physical states belong
to the cohomology of the charges associated to the BRST currents G and G*. At zeroth
order in the ghost exponential e?, the holomorphic BRST current G reads:

, 1
Gt = ¢ <TP5U(1712) + 5((%6@5 + 82¢)> +GE+0(e?) (2.7)

where GZC depends only on the compactification variables and the ghosts, and Tpgy(1,1)2)
is the holomorphic stress-energy tensor of the supergroup sigma-model, which is given in
terms of a generalized Sugawara construction [12].

Our goal is to construct, in the worldsheet theory, the vertex operators for the genera-
tors of the asymptotic symmetry group for the AdS3 x S string theory. We will show that
these vertex operators are BRST closed with respect to the charge associated to the cur-
rent (2.7). As such, we will be able to insert these vertex operators in correlation functions

to generate space-time Ward-identities.

3 The worldsheet conformal current algebra

In the previous section we reviewed that the supergroup sigma-model on PSU(1,1]2) is the
central building block for AdS3 x S string theory with Ramond-Ramond flux in the hybrid
formalism. The supergroup sigma-model has zero Killing form and it therefore falls into



the class of models for which the worldsheet conformal current algebra was analyzed in [12].
Since the worldsheet current algebra will be the central technical tool in constructing the
space-time Virasoro algebra, we review it here. We also introduce current algebra primary
fields and some useful notations.

3.1 Conformal current algebra

From the action (2.2) we can calculate the classical currents associated to the invariance
of the theory under left multiplication of the field g by a group element in G and right
multiplication by a group element in Gr. The classical G, currents are given by

i =c+0gg9 "
jrz=c_0g9 ", (3.1)

where the constant ¢y and c_ are given in terms of the couplings by:

(1£kf?)
C+ — _T . (32)
Similarly, we also have the left-invariant currents that generate right multiplication:
jR,z - _c—gilag
jrz=—crg '0g. (33)

The operator product expansions satisfied by the left currents have been derived in [12],

where now, a denotes a super Lie algebra valued index:
= Ca . zZ
RS 1 0 + (2= )5

| S350+
. . 3
]%,2(2)32,2(0) ~ ab

[04 7.2(0) + (ca _9)22]LZ(0)} + ...

—w) £ [ o)+ 220

N

,Z(O)] o (3.4)

The ellipses refer to subleading terms proportional to the derivatives of the current. We
will only need the leading singular behaviour of the operator product expansions to de-
rive the spacetime superconformal algebra. The right current components jg. and jg >
satisfy similar operator product expansions with the holomorphic coordinates replaced
by anti-holomorphic ones. In appendix A.2 we give explicit expressions for left-invariant
right-moving currents in the PSU(1,1|2) supergroup model in a particular coordinate sys-
tem. For the supergroup non-linear sigma-model in equation (2.2), the coefficients of the
conformal current algebra, expressed purely in terms of ¢y, are given by [12]

2 2
c
e P - 03:_07—
cy +co cy+c_
2c_ —(2 _
02:i0+(c++ 02) 04:ic(c++02)
(e +co) (e +co)
2cic_ _
— = (3.5)
(e +c) cy +c_



where ¢y are the factors defined in (3.2) that normalize the currents. For future purposes,

we note that due to the existence of the elementary group valued field g these coefficients

satisfy the equations?

5—61 5—63
:1:
Cyt C_

and oty —g=i. (3.6)

3.2 The SL(2,R) x SL(2,R) global symmetry

The zero-mode of the global current

Ji = —i(ji . — i) (3.7)

generates the symmetry which is the left translation of a supergroup element by an element
of the supergroup. Restricting the index a to just the SL(2,R) directions, we obtain the
generators of the SL(2,R) x SL(2,R) isometry group of AdSs, which is a subgroup of
the left/right space-time Virasoro algebra. In holography, the AdSs3 submanifold of the
supergroup plays a special role, which makes it useful to decompose observables in the
spacetime theory in terms of representations of this subgroup. We introduce auxiliary
complex variables (z,Z) in terms of which the global SL(2,R) x SL(2,R) generators are
expressed simply in terms of differential operators.

A given observable O(z,Z) in an irreducible representation of the group, can be gen-
erated from its value at x = & = 0 by acting with the lowering generators of the sl(2,R)
algebra J L_ R

O(z,z) = ¢ “TL0o7®Tr0(0,0) (3.8)

where the 0 index indicates the zero mode of the current. In particular, we can apply this
operation to a current component in the adjoint representation of the group:

-+
L

Lwy52,2) = e o (z,2)e" 0

Z,Z(z, z) — ij%,z(z, Z)+ x2jZ’Z(z, zZ). (3.9)

Similar relations hold for the zZ component as well as the right-currents. We have for
instance:

jR,Z(E; Z) = jE75(z7 E) - Qi.j%,i(za 2) + EQJE,Z(Z, 2) . (310)

In space-time the + component of the currents jEL is of conformal weight (—1,0) with
respect to the zero-modes of the Virasoro algebras.

2Roughly speaking, we can think of log ¢ as having a logarithmic operator product expansion with itself,
as in an abelian theory. The current component operator product expansions are then derivatives of this
more basic logarithmic OPE. That gives rise to relations between c1, c3 and é (which leads to the first two
identities, in a particular normalization for the currents). The Ward identity for the left translation of the
group valued field g gives rise to the third identity.



3.3 Left current algebra primaries

It will be useful to define fields which are primaries with respect to the left current algebra.
A left primary field ¢ with respect to the current algebra (3.4) is a field satisfying the
operator product expansions:

Jit,-(2,2)p(w, w) = _c+c—:c_ ¢ i%g + less singular
Ji.:(2,2)p(w, w) = _c+c—ijc_ t* ¢21i72)}) + less singular (3.11)

where the matrices t* are the generators of the Lie super-algebra taken in the representation
in which ¢ transforms. The coefficients are fixed by the global transformation properties
of the field and the demand that the field ¢ have trivial operator product expansion with
the Maurer-Cartan operator ¢4 052 — c_9j% + 5 f%.(: jSj2 + +(—1)% : jbj¢ 1),

3.4 Representations of the global bosonic symmetry group

For later purposes, we define a bosonic field ®;, transforming in the representation (DZ’, 0)
of the bosonic subgroup SL(2,R) x SU(2) of the supergroup.> When we continue AdS3
to Euclidean signature it will function as the unique bulk-to-boundary propagator for a
scalar field coupling to a space-time operator of dimension h. We think of the bosonic
field ®p(y,y;w,w) as parameterizing (via the variables y,7y) a subspace of a representa-
tion of the supergroup corresponding to a left primary field, in which case the operator
product expansions of this field with the components of the current jr(z;z, z) defined in
equation (3.9) read:

Cyt 1

jL,z(x; Z, Z)q)h(y’ ga w, QD) = [(y - 5'3)283/ + 2h(y - x)]q)h

cyt+cec_z—w
c_ 1
iz (752, 2)®p(y, §; 0, W) = ———— — )20, + 2h(y — )] Py 3.12
]L,z(xa'z’z) h(y’yaw’w) C++C,2—w[(y CC) y + (y CC)] h ( )

We have used the fact that the generators t* in the representation in which ®, transform
can be written as the following differential operators:

3= —20, —h; tt=—229, —2hx; t =—0,, (3.13)

in the conventions of [10]. It is also useful to rewrite the operator product expansion of
the SL(2,R) components of the left-currents as follows:

2 ab
' ] ci1(x —vy Cc2 f
Jnz(@;2) - jr:(y;w) = (2(7 _ w)l ;

[(y — 2)*0y —2(y — 2)] jr..

i(z —w)
Co — 7 — D ab
e z‘g()z(— w)? I [y —p0, 20— o)) et 3.14)

After these worldsheet preliminaries, we turn to the construction of the space-time R-
current.

3In our conventions, the quadratic casimir of the representation D; of SL(2,R) is h(h — 1).



4 The spacetime R-current

4.1 R-symmetry generators from non-trivial diffeomorphisms

We consider the space-time background AdSs x S x X which is a solution of type 1IB
string theory. The compact space X can be either 7% or K3. In the following discussion
we will focus on the AdS; x S3 factor. The massless excitations of the string give the
supergravity multiplet and one tensor multiplet of D = 6, N = 2 supergravity. In the
hybrid formalism, this has been shown in detail in [11, 20] by computing the cohomology
of the BRST operator associated to the current in equation (2.7). If we further reduce
the theory down to AdSs, the fluctuations of the metric with one index in AdSs and one
index in S? give rise to an SU(2)-valued massless vector field in three dimensions. These
gauge bosons in the bulk are associated with dimension one currents on the boundary. The
space-time conformal field theory exhibits, in particular, an SU(2)7 x SU(2)r R-symmetry
group corresponding to the bulk isometries of the three-sphere.

The R-symmetry algebra extends to a current algebra on the boundary. From the bulk
point of view, this is due to the existence of diffeomorphisms which act non-trivially on the
space of bulk configurations with particular boundary conditions. Diffeomorphisms that
fall off slowly generate a non-trivial asymptotic symmetry group. For the supersymmetric
backgrounds under consideration, these diffeomorphisms were analyzed in [21, 22] in the
supergravity approximation.

Diffeomorphisms that induce a non-vanishing transformation at infinity act non-trivial-
ly on the Hilbert space of the theory. We parameterize AdS3 with the Gaussian coordinate
system (7,7, ) on SL(2,R) which admits an analytic continuation to euclidean AdSs in
Poincaré coordinates. In these coordinates the AdS3 metric takes the form:

ds?ys, = do” + e**dvd7. (4.1)

The asymptotic symmetry group is generated by diffeomorphisms for which the generating
vector field £ behaves near the boundary as

é‘ﬂ = f(ry’i/) + O(eid)) > (42)

where the index p, runs over the six indices corresponding to the AdSs and S® directions.
We can further expand the function f(v,%) in powers of v and 4. Since the coordinates
(7,7) parameterize radial slices, this is equivalent to a Fourier mode expansion in the

boundary coordinates. The integrated string vertex operator for an SU(2) gauge boson is*

/ Pz (J3 37 + 53257 Gam (4.3)

where, from now on, we specify a to be the SU(2) index, m is an SL(2,R) index, and g,,, is
the six-dimensional metric. Under a diffeomorphism generated by the vector field &, the

4Whether we write down the vertex operator in terms of the left- or of the right-current is a matter of
convention. Indeed both one-forms associated to the left- and right-currents generate a suitable basis for
the cotangent bundle in spacetime.



metric changes as dg,, = V(,§,). So the integrated vertex operator that generates a gauge
transformation for the gauge boson is

/ Pz (J3 T+ 53257 O (4.4)

The vector field £, has an SU(2) index, and depends only on the AdS3 coordinates. Such
a vertex operator can be BRST non-trivial if the vector field ¢ does not vanish fast enough
at infinity. This is related to the fact that a state of the form Qprsr|¢®) is not BRST exact
if the state |¢) does not belong to the Hilbert space. Working at first order in the fermionic
currents, we can rewrite the vertex operator as:

[ i 06+ 5t c06). (4.)
We define the n-th mode of the boundary R-current J as:
Ty = [ a0t 067 + gy 06™). (4.6

where £ = ~m 4 O(e~?) near the boundary at ¢ — oco. We define the left-moving
boundary R-current J%(z) as:

T )= Y x‘ﬁl (4.7)

where we have introduced the variable x that parameterizes the eigenvalue of the parabolic
generator of the symmetry group SL(2,R)z. Asymptotically, the left-moving R-current
therefore has the form

J9 () = / 2 [jﬂzg (ﬁ + 0(e¢)> + 5320 <7%x + O(M)ﬂ . (4.8)

Similarly, we can also introduce the variable z related to SL(2,R)r. We can then define
J*(z) using diffeomorphisms with £,y = 5" + O(e~?). The variables (z,z) can also be in-
terpreted to parameterize the manifold on which the spacetime two-dimensional conformal
field theory is defined.

Applying the diffeomorphism transformation to the action written out in detail in
appendix A, one can derive the explicit expression for the R-current in equation (4.8).

Non-trivial diffeomorphisms for the interacting theory. In order to write down
the exact expression for the R-current J%(x) in a convenient way we define the function
Az, Z;v,7, ¢), first introduced in [10]:

(4.9)

—z)(7 — 7)e*?
Ay 77,5, 6) = —— [(w )3 — )

V=2 [T+ (- o) (5 —2)e®

We propose the following expression for the boundary R-current in the fully interacting
theory:

1 _
@) =1 / 222 OM(,%; 2, 2) + 2 OM(z, T 2, 7)) (4.10)

,10,



Since A behaves near the boundary as A ~ _v%w’ it coincides with the expression derived
in the weak coupling, near-boundary region in (4.8). The expression we put forward for
the R-current is the natural non-chiral generalization of the expressions of [10] for the
vertex operators which generate the asymptotic symmetry algebra. Notice that a different
choice for the parameter £™ would produce an operator related to .J ®(z) by a trivial gauge
transformation. The advantage of our choice of subleading behaviour is that the function
A has a simple behaviour under the action of the global symmetry group of the theory.

Indeed, the function A satisfies the equation

Oz = 1®y (4.11)
where the function ®4 is defined as:
@1 (2,7:7,7,6) = - : 2 (4.12)
1T, T3, 7, _7T (7—m)(’?—£)e¢+e‘¢ . .

This function is an eigenvector of the laplacian operator on euclidean AdSj3, with zero
eigenvalue. Near the boundary, this wave function behaves like a delta-function identifying
~v and x. It is thus the bulk-to-boundary propagator of a massless scalar from the boundary
point (z,Z) to the bulk point (v, 7, ¢).

In the worldsheet theory ®; is a primary field with respect to the current algebra. It
transforms in the discrete D} x D] representation of the SL(2,R);, x SL(2,R)g current
algebra and with spin zero under the action of the bosonic subgroup SU(2)z x SU(2)r. We
can extend the representation to a representation of the full supergroup.

We wish to argue that the following equation holds true:

lim &, (x,7; 2, 2)®1 (v, J;w, ®) = 6 (& — )@ (y, §;w, @) + Oz —w,z —w)  (4.13)

ZzZ—w

The first justification for this is the matching of the worldsheet and space-time conformal
dimensions of the left and right hand sides. Moreover, we recall that in the case of the
Wess-Zumino-Witten model, this equation was argued for on semi-classical grounds in [10],
and was made precise in [23]. In [23] the three-point function for fields in the continuous
representations in the Wess-Zumino-Witten model were analytically continued to discrete
values of the spin. In doing so, one picks up residues of poles when shifting the contour of
integration over the spins that appear in the product of two operators in the continuous
representation. These poles can arise from the dynamical three-point function or from
SL(2,R) representation theory. What is important to us is that the delta-function in
equation (4.13) arose from SL(2,RR) group theoretic properties, namely from the analytic
continuation in the spin j of the Clebsch-Gordan coefficient of the form |z|?/. Since this
part of the three-point function is universal, it is natural to assume that the delta-function
appearing in the product above is universal as well.

We collect some important formulae below that will prove to be very useful in our later
calculations. We begin by noting that for & = 1, equation (3.12) reads

JL.2(7;2)@1(y, y; w, w) = yl(z — y)*@1(y, 7; w, w)] (4.14)

— 11 —



Moreover equation (B.7) reads, using the expression (3.13) for the SL(2,R) generators in

terms of differential operators:
o 1 . o
0.®1(x,%;2,2) = ——04[: jr-P1 : (x,7; 2, 2)). (4.15)
Ct

If we assume @1 to be embedded into a primary of the current algebra, this equation is true
up to first order in the fermionic currents as demonstrated in some detail in appendix B.
Thus, from now on we work at leading order in the fermionic currents. Similarly we have

the equation

0:Q1(x,7;2,2) = —6%853[: Jrz®1: (2,752, 2)] (4.16)
Using the expression of the stress-tensor in terms of the right-current, we obtain similar
relations:

0,P1(x,7;2,2) = —ci_@x[: Jr:-®1: (2,75 2, 2)] (4.17)

0:P1(x,7;2,2) = —é@x[: Jrz®1: (2,752, 2)]. (4.18)

From these relations and by integrating over z, we deduce the following equations satisfied

by the operator A:

0. N(x,Z;2,2) = - ViR ®1 (2,752, 2)
c_

O:M (2,72, 2) = —— ¢ jps®y : (2,72, 7). (4.19)
C+

All these relations will be repeatedly used in the derivation of the algebra of currents in
the boundary theory.
4.2 Computation of the spacetime R-current algebra

In order to show that the operator J%(x) defined in equation (4.10) is the R-current of
the spacetime CFT, we want to compute the spacetime operator product singularity inside

correlation functions in the following limit:

lim J%(z) - J°(y) . (4.20)

r—Y

However it turns out to be more convenient to compute an OPE involving an anti-holo-
morphic derivative of one of the currents, namely

lim 9;.J%(x) - J°(y), (4.21)

r—Y

and to integrate the result with respect to . We will therefore compute the OPE between

the current

1 . _ _ . _ _
M) == [ Pwlih Dud g0 + 3 dorpww)] . (122)
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and its derivative with respect to z, which, using equation (4.11), can be written as
D2 (2) = — / @22 [j 0.8 (x, 72, 7) + J2 081 (z, 7 2, 2)] (4.23)

where a and b are SU(2) indices. Following [10], we regularize by cutting small holes in
the worldsheet, at the points where operators are inserted. This implies that we can freely
use the equation of motion (that have contact terms singularities with the other operators
on the worldsheet), but the integration by parts gives rise to boundary terms.> We can
think of the operators J°(y) and dz.J%(z) as being inserted within a worldsheet correlation
function. Since we are interested in the (spacetime) OPE between these two operators, we
will only keep track of the terms arising when these operators are close one to another on
the worldsheet, and discard the possible contribution due to the presence of other operators
in the correlation function. A general justification for this procedure can be found in [24].

So we will write the Z—derivative of the R-current as
1
Oz J%(z) = = [j{ dzji ;®1(z,7; 2, 2) +jé dzj7 Zq)l(x,x;z,z)} , (4.24)
1 w ’ w ’

where the contour integral runs over the boundary of the small disc cut out around the
position of the integrated operator in J(y). The OPE we wish to compute is

1 . . o
Oz J(z) - J'(y) = —E/d%[(]i,za@u/&(y,y;w,w) +Ji,z6wA(y,y;w,w)>

. (7{ dzji P +y§ dzjg,zcblﬂ (4.25)

The contour integrals around the point w will pick up the singular terms in the OPE be-
tween the integrated composite operators. First notice that there are no singular terms
arising between the SU(2) currents and the operators ®;, 9,,A and 05 A since the later trans-
form in the trivial representation under the action of SU(2). Moreover there is no singularity
either in the OPE between ®; and 0,,A, d3A. To prove this we use the formula (4.19):

lim ®4(x,Z; 2, 2) 0w Ay, y; w, w) = ~ ™ lim Oy (2,2;2,2) : jrP1: (y,y;w,w)
zZ—w C_ z—w
_ e %@ =p*® (@ —y) 0y, 5w, D))
c_cy tco zZ—w

— 6@ —y) t ey : (g, G w, @) + Oz —w, 7—w)

The previous computation is straightforwardly generalized to the OPE between the oper-
ators ®; and dzA. We conclude that the only singular terms picked up by the contour

®We can also work with a worldsheet without holes. In that case we can integrate by parts freely, but
the contact terms between the equations of motion and the other operators will contribute.
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integral in equation (4.25) come from the OPE between two SU(2) currents. We obtain:

1
- 7Q b - 2
Oz () TR (v) 57 /d w (4.27)
[ K% ab jg( ) | rab Je(w)(z — w)
X{Y{,dz (Foapr e gt -0 B2
hm (I>1(z zZy 2, T ) Oy A(w, w; y, y))
4 j{ dz (cﬂabzﬂa (2 — w)t for AT DEW)  pap (2= 9)i Z(w)>
w Z—w Z—w
X < lim ®(z, z; 2, %) 0y A(w, W; y,y))
+ 7{ dz <cf~eab2w5 2) (5 — )4 yo0 SO =9 | (2 = 9) g)jZ(w))
w Z—w Z—w
X < lim <I>1 (z,2;2,7)0g Aw, w; y,y))
+f d K Cl fabc 2.]2( ) fab ( _ )’M
g (z —w
><<hm ®(2,z;2,7)0g A(wwyy))}
We get twelve terms (three on each double-line) that we denote Ay, ..., Aj5. We can now

explicitly perform the contour integrals. One observes that the terms A3, Ag, Ag and Aqs
vanish. The contour integrals in As, Ag, A5 and Aj; can be simply performed. The regu-
lar limit lim., . ®1(z, z; 2, )0 A(w, w; y,y) can then be read from equation (4.26) (and
similarly for the limit involving the anti-holomorphic derivative of A). Using the relation
ca + ¢4 — g = i from equations (3.6), the terms (As + Ag) and (A5 + Aq1) can be simplified
separately and these four terms combine to give

Ag 4 Ag + As + Ay = 200 (x — y) if ™. J(y). (4.28)

This leaves us with computing the terms Ay, A4, A7, A1p, which involve double poles. We
deal with A; explicitly first:

A= [ fd—i’/”abci‘ | lim @y (2,72, 2)0uA(y, 5 w, )]
1= i w g Z(Z—E)Q :ZEEU: 1T, X5 2, 2) O AY, Y5 W, W

= —2/@“b03/d2w [ lim 0:®1(z,7; 2, Z)@wA(y,ﬂ;w,w)}

2k ¢y o . . o _ _
= —— [ d*wo, { lim :jp, @1 : (7,75 2, z)awA(y,y;w,w)} . (4.29)

C_

where we performed the contour integral and replaced the derivative of ®; using the for-
mula (4.16) We have to compute the regular term in the OPE between jr, :®; : (2, 2; x, Z)
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and Oy A(w,w;y,y). Using formula (4.19), we have:
Jim g (2,752, 2) 00 Ay, g w, 0)
=Tl e (52, 2) e (0.5, )
= —01_5(2)(95 —v) iz Jjr:P1 (v, 75w, w)
= 6@ (x —y) : jirz00A : (y, 7w, @) (4.30)
We deduce that
A= 2/<;“bcc—i(9x5(2) (x —y) /de D Jrz0w : (Y, g w, W) . (4.31)

A similar analysis for the double pole term in Aj( leads to

A = 2/<;“bcc—1718$5(2) (x — y)/de 2 L2006 : (Y, gy w, w). (4.32)
+

The contact terms in A4 and A7 contribute due to the following integrals:

-1 1
@y _ 2 I 5 — —id- N
j{)dz(S (z—w)f(z2) 5 j{)dz@w o wf(z, Z) i0p f (w, )
-1 1
5@ (5 _ 7) — = - 5) — —; 5 4
j{]dzé (z —w)f(z2) 5 j{}dz@wz — (z,2) 10y f (w, W) . (4.33)
Using these results and following the steps we did for the evaluation of Ay, we find that

Ay = ZKGbE/de [ lim 0;®1 (7, 7; 2, 2)0wA(y, J; w, W)

= 2w L 0,60z — y) / Pw : jp20uA : (y, 7w, @)

and A7 = —25%-29,6® (z — y) / d*w : g1 .0pA : (y,7;w, ). (4.34)

C+

Combining these four terms and using the relations between coefficients (3.6), we get
A+ Ay + Ar + Ay = —276%8,0P (2 — y) I(y,9) (4.35)
where we have introduced the central extension operator I of the R-current algebra:
I(y,y) = %/d%} 72,005 A (Y, ¥ w, W) + jLa0uA(y, J; w, )] . (4.36)
We shall turn to the study of this operator after deriving the algebra involving the other

bosonic currents on the boundary. For now, we observe that when f? = 1/k, one can check
that this reduces to the operator I defined in [10].° We can also check that the operator

6QOur definition of I differs from the one of [10] by an overall normalization factor of k.
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I(y,y) does not depend on the spacetime coordinates ¥, 3:
l(y,y) = /dzw JL,w05®P1(Y, J; w, @) + jL,a0w®1(y, J;w, )]
= %fdw Law®1(y, J3w, w)] — % fdw Le®1(y, 5w, w)]
=55 § aw PuA 0. 0)] - 5 § i [PsAy, i, 0)]

)

=0. (4.37)

From the first line to the second, we integrated by parts and used the current conser-
vation. From the second to the third, we used the (spacetime) complex conjugate of
equation (4.19) that involves the operator A defined as: 9, A = ®;. Similarly we can prove
that 0,1(y,y) = 0.

Putting together what we have so far, we find the OPE

0z J%(x) - JP(y) ~ —27k0,6P) (x — y) I + 276P) (x — y) if* T (y) (4.38)

We can integrate with respect to z and find:

1 1

JUx) - J(y) ~ k% @97 I+

- rab  7C
J . 4.39
() (4.3
We observe that the SU(2)r symmetry of the N = 4 superconformal algebra is at level
1. By the structure of the N = 4 superconformal algebra, this implies a central charge
equal to ¢ = 6 1. We will confirm the value of the central charge by evaluating the operator
product expansion of the stress-tensor with itself.

5 The spacetime Virasoro algebra

In the previous section we have identified the vertex operators that correspond, in space-
time, to the (left) R-currents J¢(x). They are part of the generators of the small N = (4,4)
superconformal symmetry of the holographically (boundary) dual conformal field theory. In
this section we will address the construction of the full set of left generators. The generators
of the space-time right-moving superconformal algebra can be constructed similarly. We
put forward the following expression for the vertex operator of the boundary stress tensor:

1
T(z) = ~5- / d*z [(021,20:0:M (2, T3 2, 2) + 20271, .0:A (2, T3 2, 2))
+(03j1,20:0: M, T 2, 2) + 2021, 0.\ (2,73 2, 2))] (5.1)

Once again, this is a non-chiral generalization of the expression for the stress tensor for the
case with pure NS flux [10]. First we will compute the OPE between this operator and the
R-current (4.10). We shall show that, given our basic OPEs of the worldsheet currents and
primary operators, this reproduces the superconformal OPEs of the boundary operators.
Before we delve into this calculation, it is important to note that the operator is closed
in the hybrid cohomology. The operator is independent of the ghosts and therefore it is
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BRST closed when it is a worldsheet conformal primary of conformal dimension one — this
follows from formula (2.7). Using the operator product expansion between the worldsheet
energy-momentum tensor, the currents and the field A, it is possible to show that this is
true for the particular coefficients chosen in equation (5.1). One can alternatively fix the
coefficients in formula (5.1) by demanding that the energy-momentum tensor transform
as a weight 2 tensor under the global SL(2,R); symmetry group (up to a BRST exact
operator). As a BRST-closed operator, we can insert it in hybrid superstring amplitudes,
and compute Ward identities for the resulting correlator.

As for the previous computation, it is simpler to consider the OPE between the z-
derivative of the current and the stress-energy tensor. We wish to evaluate the OPE:

0sJ(x) - T(y) = — o [ § azig 5200 +

271i wdzji,éq)l(xaj;z’ Z):|

x [/de [(0yjL,=0y0u My, J;w, W) + 20251 .06\ (y, §; w,0))
+(8ij,23yawA(y7 g7 w, ’IIJ) + QBZjL,anA(yv ga w, TI)))] :| . (52)

The contour integral will pick up the poles in the OPEs between the integrated operators.
The SU(2) currents jf . and ji , will not contribute to these poles since all of the inte-
grated operators in the stress-tensor transform trivially under the SU(2); symmetry. So
the singular terms only come from the OPE between the operator ®; and the integrated
operators in the stress-tensor. Notice that there is no short-distance singularity between
®; and 0,A. Indeed using equation (4.19) we can rewrite the later as : jr ,®; :. The right
current has a pole in its OPE with @1, but the coefficient cancels against the delta-function
appearing when the two ®; operators come close to each other. The same is true for 0z A.
We conclude that the only singular terms that will contribute to the OPE (5.2) come from
the short-distance singularity between the ®; operators integrated in the derived R-current,
and the SL(2,R)-left currents integrated in the stress-tensor.

We can expand the OPE (5.2) as a sum of eight terms. Consider, for instance, the
term obtained by taking the OPE between the first terms in each of the bracketed terms
in (5.2). As argued before, the contour integral picks up the pole coming from the short

distance singularity between the operator ®; and the SL(2,R) current:

1
Py /d2w [% dzjtll,jq)l(waj; 272)3ij7z5y5wA(y7y;waw)]

o

N2 =. . 5
SR L V dzj%7z_lim_6y<am[(x y) q)l(x’x’z’z)]>8y0w/&(y, 5 w, W)

By

211 w—z

= /d2w [jzz_lim_@x@(y — )Py (z, T; z,é)ayaw/\(y,g;w,w)]]
= 20,6 (x —y) / d*w [jj‘{vzawA(y,g; w,w)} . (5.3)

Using the same techniques, we can compute all of the remaining terms. We suppress
the details since the calculations are very similar to the ones we have already performed.
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Combining these terms, we eventually obtain the spacetime OPE

e (2)T (y) ~ —210,0@) (2 — y)J%(y), (5.4)
which can be integrated with respect to x to give:
J(y)
JY ()T (y) ~ —=. 5.5
(@O ~ = (55)

By evaluating the right-hand side at the point x, we get that the current is a conformal
primary of dimension one in space-time:
J(x) n amJ“(:c).

T(y)‘]a(x) ~ (m . y)g y—x

One can also check that with our definition, the stress-tensor satisfies the OPE that codes
the Virasoro algebra:

(5.6)

3 2Ty | O0T()
(=9t (@-y? (z-y)’
which gives for the central charge ¢ = 61, where I is the central extension. The details

T(x)-T(y) ~

(5.7)

are given in the appendix C and confirms the value of the central charge obtained using
the R-current algebra. This is a consistency check on our proposal for the vertex operators
of the boundary currents. In the following, we will discuss some of the properties of the
central extension in more detail. But first, we briefly outline how our discussion may be
extended to also describe the superconformal generators.

5.1 Superconformal generators

With respect to the scaling operator, we have the si(2,r) generators of charges 1,0, and
the su(2) charges which are inert. The eight fermionic generators have charges i%. It is
natural then to gather the eight fermionic currents into four z-dependent currents:

— 1~ —
-z, j;fivaa +27;

™

Ji (@) = e
_ A43aa —1.aa
- JF

- :UjF ) (58)

where a indicates an su(2)r doublet. The current must have weight (—%, 0) in space-time,

NI

therefore, the superconformal generators should be of the general form
G () = / b1jE () ® jrOy®1 + b0, (2) ® jRP1. (5.9)
b

These operators have weight (%, 0) in space-time. Imposing that the operator transforms
appropriately with respect to the raising operator in the sl(2,R) algebra gives rise to
the relation

by = 2by. (5.10)

We thus propose the following operator to generate the supersymmetry transformations of
the boundary theory:

Gi(z) = b / J3%(2) ® jrOs®r + 20,3 (x) ® jrd:. (5.11)
by

This is the analogue of the expressions in [10] in the zero ghost picture.
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Higher superfield components. In order to prove that we have an N = 4 supercon-
formal algebra in space-time, we should proceed along the lines of the calculation of the
R-current algebra and compute the OPE of 9z G (z)- Gbo (y) within a correlation function.
There are some qualitatively new features that arise when we attempt to compute it, such
as the OPE between the fermionic currents and the operator ®;.

This calculation can guide us in lifting the limitations on our derivation of the R-current
and Virasoro algebras. The vertex operators for the physical fields described in [11] have
a full supermultiplet worth of fields and should be thought of as superfields in spacetime
(see e.g. [15, 16]). However, as is clear from our expressions of the vertex operators in
equations (4.10) and (5.1), we have chosen to truncate to a bosonic component of the
superfield in spacetime. To compute the super conformal algebra in space-time we need to
take into account the first fermionic correction to these superfields, and we need to work
at least to first order in the fermionic currents.

We leave this for future work and proceed to discuss properties of the central extension
operator.

5.2 Further remarks

From the operator product expansion involving the boundary stress tensor and the R-
currents, we found that the central charge of the boundary theory is given by the operator
6 I, where [ is the operator

= %/ 2w [ 1,00 (w3 2) D A(w; ) + 1 (w3 2) D A(w; )] (5.12)

We would like to make a few observations regarding the central extension operator.

1. The operator I(z, ) is independent of the spacetime coordinates (x,z). The proof
for this has been given in equation (4.37). Thus it behaves like a constant in corre-
lation functions.

2. Near the boundary of AdS space, in the ¢ — oo limit, the operator I takes the form

_ _ 1 _ _
I=— / B 2(c 0707 + c_0v07)0P (& — ~) — = /d2ze2¢(0+67(97 +c_0v0Y) + ...
T
(5.13)
From the form of the vertex operator we can see that it is an off-diagonal mode of
the metric (mixed with an anti-symmetric tensor).

3. For the case of pure NSNS flux, the operator I that we found agrees with the central
extension operator found in [10].7 We refer the reader to [13] for a detailed analy-
sis regarding the behaviour and the interpretation of the operator I in correlation
functions.

Note in particular that by the fact that the operator 61 appears as the coefficient of
the boundary two-point function for the boundary energy-momentum tensor, we know

"Our definition differs from the one in [10] by an overall normalization factor of 1/k.
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that it governs the value of the conformal anomaly. In a background AdSj3 space-time,
there are various other ways to compute the value of the conformal anomaly coefficient
in the supergravity approximation, namely from the Virasoro algebra directly [7] or from
the holographic Weyl anomaly [27]. These imply that in an AdS3 background the vacuum
expectation value of the central extension operator is equal to the Brown-Henneaux central
charge as determined in supergravity. This has been argued in more detail in [9, 10, 13]
for the NS-NS case. Our calculation is also valid in the strongly curved regime, and codes
corrections to the central extension operator that can occur in excited states (as in [10, 13]).

6 Summary and conclusions

Our main result is the construction of the vertex operators for the boundary supercon-
formal algebra, in the worldsheet theory that describes string theory on AdSs x S% with
both Ramond-Ramond and Neveu-Schwarz-Neveu-Schwarz fluxes. We have verified that
they satisfy the conformal operator algebra using stringy worldsheet techniques. A crucial
technical ingredient was the conformal current algebra [12] satisfied by the currents in the
supergroup model PSU(1,1]2). It is important to note that most of the simplifications that
arise in the calculations follow from constraints on the coefficients appearing in the current
algebra. These constraints, in turn, follow from the existence of a supergroup valued field
throughout the two-dimensional moduli space parameterized by the fluxes.

It is a good check on our construction that at Wess-Zumino-Witten points (where the
coefficient of the kinetic term is equal in absolute value to the coefficient of the Wess-Zumino
term), which is the case with only NS-NS flux, our results coincide with those obtained in
the NSR formalism in [9, 10, 13]. Technically, our results are a non-chiral generalization of
those references. Our generalization includes backgrounds which are near-brane limits of
D1-D5 D-brane systems for which the infrared limit of the dual gauge theory in the Higgs
phase can be studied directly. An interesting result is the explicit expression for the central
extension operator.

There are many directions for future work. A clear challenge is to extend our analysis
to the full N = 4 superconformal algebra. A related problem is to further exploit the
PSU(1,1|2) superisometries of the hybrid formalism to covariantize further our analysis.
One can also attempt to generalize our arguments to other AdS3 backgrounds that can be
described in a Berkovits type formalism.

We would like to argue that our construction is a significant first step in the construc-
tion of the full spectrum of string theory (including black hole excitations) in the AdSs
background with Ramond-Ramond fluxes, with appropriate boundary conditions. Indeed,
the full local asymptotic symmetry algebra in space-time will be the natural tool to clas-
sify the spectrum, thus reducing the spectral problem to listing primary states. The latter
often reduces to a mini-superspace problem.

Our construction of the spacetime symmetry generators may be extended to AdSs x S?
backgrounds. String theory in AdSs x S? with Ramond-Ramond fluxes can be described
using the four-dimensional hybrid formalism [28]. The target space in that case is the
geometric coset PSU(1,1]2)/(U(1) x U(1)) [29]. Since the gauging involves only the right
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symmetry, a reasonable hypothesis is that the left-current algebra will be left intact. Then
our previous construction will extend straightforwardly. Notice that we obtain a set of
holomorphic generators in spacetime, as suited for a chiral two-dimensional CFT dual to
quantum gravity on an AdSs spacetime.

Finally, the conformal current algebra of the supergroup sigma-model is tied in with
both the worldsheet integrable structure of the sigma-model, and the infinite set of con-
served charges in space-time. It would be useful to understand better the relations between
these two important features of the theory.
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A Worldsheet action for strings on AdS; with RR flux

A.1 Matrix generators for PSU(1,1|2)

We will now give an explicit matrix representation of the superalgebra which we will use

to write down the worldsheet action. Recall that the Pauli sigma-matrices are given by

a=(1s) ==(0%) ==(00): (A1)

They satisfy the algebra
040 = Oapl + i€qpe0c - (A.2)

Then we can write the bosonic generators K, in terms of the Pauli matrices:

—lig 0 ioy 0 —ig 0
K12: ( 273 i ) K13:<2 ? i ) K23:< 271 3 ) (A-?’)
0 —3503 0 509 0 =301

~ig1 0 —ilgy 0 —lgs 0
KM:( %1%) K24:< %2i0> K34:< %3i0>. (A.4)
501 502 503

0o 1 0o 1
S = 1 291 So1 = 1 292
—50'1 0 —50'2 0
0 Loy 0 —iT
S31 = 2 Sy = 2
31 _%03 0 41 L 0 )
0 —io 0 —io
S12 = 1 271 ) Gy = 1 2 2)
—50'1 0 —50'2 0
0 —iog 0 iI
S3o = 2 Sio = 20
27\ 1oy 0 R A )
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They give the generators in the fundamental representation of si(2|2). The generators S
square to a multiple of the identity. We choose the invariant metric:

<KabaKc > = —€abcd = StT(Kachd) <Saa, Sbﬁ> = _€a66ab = Str(saasbﬁ) (A5)

It will turn out to be useful to choose the following basis of bosonic generators of psu(1,1|2):

_1 1 _1
Ky = 273 0 K= 27 ! Ky = 371 9 (A.6)
0 0 0 0 0 0
K3 = 0 ? Ky = 0 ? K5 = 0 ? (A.7)
0 —50-3 0 —50'1 0 —50'2

These are related to the K, by a simple linear change of basis:
1 1 1
Ko = 5(Ki2 + Ksq)  Ki= (K3 — Koa)  Kp = o (Kua + Kas)
1 1 1
Ky = 5(Ki = Kaa) K= 5(Kos = Kua) K5 = —5(Ki3 + Ka).  (A8)

These generators satisfy
1
<KZ', K]> = 57%]‘ = St?‘(Kin) (AQ)
with signature (—+ 4+ ++). For the fermionic generators, we use the linear combinations

SE, = S1a £1iS20  Si, =S3+iSy. (A.10)

One can easily obtain the commutation relations between these generators from the ones
in (2.1). These will prove to be useful in writing out the action explicitly.
A.2 Explicit form of the worldsheet currents

Our goal in this section will be to obtain a concrete parameterization of the sigma-model
on the supergroup. We parameterize the group element g € SU(1,1|2) as

g = e grgssgadss (A.11)
with
gF f— eeaaSaa (A12)
gsg = e_(sol+502)K3e—20K4e—(spl_SOQ)Ka
I 0
= €1 cosf  ie'?2 sin 6 (A.13)

e "2g8in 0 e "%t cos O

and « is an overall phase that we will gauge away eventually. For AdSs3 we choose the
Poincaré parameterization:

e+ (v i) (7 +i)e” e+ e?(y —i)(y — )
Gais, = 5 | el ey DT+ el (yHD)F—)e? | (Add)
0 I
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This follows from the following parameterization of SL(2,R):

e~ +y5e? ey
JSL(2,R) = ey e? . (A.15)
0 I

For Lorentzian AdSs both v and 7 are real while they become complex conjugate in Eu-
clidean AdSs. We have used the following isomorphism from SL(2,R) to SU(1, 1):

g — cgcl, (A.16)
where the matrix c is given by:
1 (1 —i
= — . A7

We now expand the left-invariant one-form ¢~'dg on our basis of generators. We have:

)"t P Faad (e e ) g g aasy + 9gs dgss + Gags, d9adss + dal (A.18)

g g = (9s39ads,
The S3 part is given by
g§31dgss = 2[sin® Odyy — cos? Odyp; | K3
+2[— cos(p1 — w2)df — cos O sin O sin(p; — ¢2)(der + dp2)| Ky
+2[—sin(p1 — p2)df + cossin O cos(p1 — p2)(dp1 + dp2)| K5

i=3,4,5
One can check that:
<g§31(9953, g§31(§gss> = 2(0000 + cos? 001001 + sin? 00p20¢s) . (A.20)

So we recover the worldsheet action for a sigma-model with target space S2. The other
purely bosonic part is given by

Gnas,d94ds, = [d7 + 27d¢ — €*(1 + 5%)dr| Ky
+2[d¢ — e**7dr] Ky
+[—dy — 27dp + €2?(—1 + 72)dv | Ko
= Y J'K. (A.21)

i=0,1,2

The action for the AdS part thus takes the form

(9 a5, 094d8s> I ads, 09adss) = €27 (0707 + 0707 + 20606 . (A.22)

The remaining term can be tackled as follows. First, let us consider
1 1
g7 dgr = d9"*Seq + idamabﬁeaﬁeabwmd + 5dewabﬁa%oﬁeabcdsd7

1
+6d9mabﬁa%aﬁew (K0 + K™ + Kpa0?] + ... . (A.23)
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Let us write this compactly as follows:
9 dgr = [*“See +V'K; (A.24)

In order to obtain the left-invariant one-forms, it is necessary to obtain the result of con-
jugating the generators by the bosonic group elements. An economical way to express the
conjugation relations is as follows:

e Kav G e Kab — (cosxSgq +sinxSy,) for a=c¢ and b#c

e Hab [ e Kab = (cosxKuq+sinzKpy) for a=c¢ and b#d. (A.25)

Recalling that K., = —Kp,, we can obtain all other possibilities easily. This proves suffi-
cient to compute the bosonic and fermionic currents.

Fermionic currents. Let us first compute the fermionic currents

Huo =i (g7 dg, Saa) - (A.26)
For this we have to compute
95" 8598 = (gaas) " [(9s3) ' Sy 93] gaas - (A.27)
Then,
Moo = €apf" 6 (A.28)

In this calculation, we find it convenient to use the global (¢, ¢, p) parameterization of AdSs:

JAdS; = e~ (t+P)Ko —2pK2 —(t—¢)Ko (A.29)

Under conjugation by the bosonic group element, the transformation of the fermionic gen-
erators is encoded in a matrix M such that

s s
1e 1c
o M| ke | A.30
st | M s (4.30)
300 30

where the matrix M is given by

e~ e ey cosh p —ie ¥ H92) sy sinh p ie 1 0H92) cosh psg e~ #T¥1)¢g sinh p
—ie!et¥2)gysinhp ety coshp —e@t¥1)cysinh p —ie'(tH92) cosh psg
e~ l=%2) cosh psy —e P =P1cysinhp e =¥ ¢y cosh p ie HP=#2) 54 sinh p
elle=Peosinhp  —iet=%2) cosh psy i€ P2 sysinhp e (t=¥1) ¢y cosh p
(A.31)
We have denoted sy = sinf and ¢y = cosf. The fermionic currents can then be written in
the form
L, = f%* Mupega - (A.32)
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Bosonic currents. It is much easier to directly work with the K; generators than with
the K,; generators to derive the contributions to the bosonic currents from the fermionic
(f-dependent) terms in the action. Starting from (A.24) and using the fact that {Ky 2}
commutes with {345}, we obtain this bosonic contribution to be

Gags, | O, VEi| gaass + 95 | > VEi| gs; =Y (K. (A.33)
i=0,1,2 i=3,4,5 i

Using the commutation relations, we find that
(% = cosh 2p by sinh 2p cos(t + ¢) by — sin(t + ¢) sinh 2p by
(Y = sinh 2p cos(t — ¢) by + (cosh 2pcos(t + ¢) cos(t — ¢) — sin(t + ¢) sin(t — ¢)) by
—(cos(t + @) sin(t — ¢) + sinh 2psin(t + @) cos(t — ¢)) be
(% = sinh 2psin(t — ¢) by + (sin(t + ¢) cos(t — ¢) + cosh 2p cos(t + ¢) sin(t — ¢)) by
+(cos(t + @) cos(t — ¢) — cosh 2psin(t + ¢) sin(t — ¢)) be
(3 = cos 20 by + sin(p) + @2) sin 260 by + cos(w1 + @2) sin 26 bs
' = sin 20 sin(p1 — p2) b3+ (cos(p1 +2) cos(p1 —pg) — sin(w1 +ws) cos 20 sin(py —@2) )by
—(sin(¢1 + w2) cos(p1 — p2) + cos(p1 + p2) cos 20 sin(p; — ¢2)) bs
0° = —sin 26 cos(1 —3) by + (cos(p1 +p2) sin(py — o) +sin (w1 ws) cos 26 cos(¢1 +@2)) by
+(cos(p1 + p2) cos 260 cos(p1 — @2) — sin(p1 + ¢2) sin(¢1 — v2)) bs . (A.34)
A.3 The action
Once the f’s and b’s are calculated, then, using the explicit components of the matrix M

to simplify the fermionic currents, the kinetic part of the Lagrangian (up to the overall
constants in (2.2)) can be written in the form

5
L= N+ )™L+)"+ Y eapdarf™ . (A.35)
m,n=0 a,b,a,3
All the currents have been explicitly written out above and, one can write out the full
action to all orders in the fermionic coordinates.

Normalization. In order to check the normalization, it is useful to focus on the purely
bosonic part. Let us first write the worldsheet action explicitly in terms of the Poincaré
coordinates (7,7, ¢). Taking into account 1** = 2 and rewriting the partial derivatives of
¢~ ! in terms of that on g, we get

Sws /sz STr(g 99 g 10g) + Swzw - (A.36)

~ 4r 12
Using equation (A.22) and combining this with an antisymmetric part coming from the
WZW term, we find that

Sws = %/d% {€2¢ K% + k> o0y + <% - k> 3787} + %&ﬁ@(ﬁ} +...

1 - _ 1 _
— [ d?z (ew [—c 0707 — c_0v07] + F@gb@gb) +.... (A.37)

:27T

One can check that, at the WZW point, putting f2 = 1/k, the action coincides with the
bosonic action on AdSs with NS-NS flux with an overall multiplicative factor of k/27.
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B Primary operators

We define a primary field ¢ with respect to the left-current algebra (3.4) as a field satisfying
the OPEs:
t*¢(w, w)

Ji.2(2,2)p(w, w) = _c+c—:c_ (= w) + less singular (B.1)
- ~ - C— ta¢(w7 w) .
Ji,z(2, 2)p(w, w) = + less singular (B.2)

Cep e (z —w)
where t° is a generator of the Lie super-algebra in the representation in which ¢ transforms
on the left. The structure of these OPEs is postulated, and the exact values of the coef-
ficients is fixed by demanding compatibility both with current conservation and with the
Maurer-Cartan equation. We will now show that this definition implies that a primary field
with respect to the left-current algebra is also a primary field with respect to the Virasoro

algebra. The worldsheet stress tensor is:3
1 a
T(Z) = 2_Kab : ]%,z]%,z : (Z) (B3)
c1

Let us compute the OPE between a left-primary field ¢ and the holomorphic stress-tensor:
1 . . .
(b(Z)T(U)) = 2_ . lim . (b(z)]aL,z(x)]%,z(w)
Cl Ir—w:
1 . C+ ta¢(x) -q C+ -q ta¢(W)
m (S ) - )

2 !
1 r—w:
Ct lim ( ta ( s t%(w)—tdﬁf,z:(w))

:201(C++c,) w—w: \xr —z \cy +co w—=z
ta Ct+ tagb(w) . sa .
w—z<c++c_x—w L9 (W)

cq < cr tat"P(w) 2ta Lig 0 (w) o tat“(?(]ﬁ(w))

2

:201(c++c_) cr e (z—w) w—z crte. w—z
2¢ a te g% 0 (w 2¢ ¢a
_ Pt ¢(w2) L L taidi 00 (W) L2 et 90 (w) (B.4)
2 (z—w) Cy w—z 2 w-—=z
We deduce the OPE between the stress-tensor and the primary field ¢:
2t,0%0(2) 1 ta:jf ¢ (2)
T(w)g(z) = L 1al00e) | 1 1w Ir:0 1) (B.5)

2 (w—2)?% ¢  w—2z
We observe that there is no pole of order greater than two, and that the pole of order two
is proportional to the operator ¢. This implies that the operator ¢ is annihilated by all the
positive modes of the stress tensor, and thus that it is a Virasoro primary. We can read

off the conformal dimension of the operator ¢:

2
Ay = gtat“. (B.6)
The simple pole in the T.¢ OPE gives the holomorphic derivative of ¢:
1 a
06 =ty ji 6 () (B.7)

C+

8We will not be careful about minus signs due to fermionic statistics. They can be consistently restored.
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C The Virasoro algebra

In this appendix we will consider the self-OPE of the stress tensor (5.7). As we did
in the bulk of the paper, we will evaluate the OPE of the stress-tensor with its anti-
holomorphic derivative :
1
T(@) - T(y) = —— [ &

471
X [j{ d2(0pjr 20:®1 + 20251, .®1) + ]édz(aij,zax@l + 20251, 1)
% [(Bydn.20y 0 + 2021, -05A) + (9,1 :0,00 A + 2027, :050)]  (C.1)

where we kept the coordinate dependence of the operators implicit. In order to compute
this OPE, we require the OPEs between the z-dependent combinations of the currents (and
their derivatives), which we list below for convenience:

21 2e2(x —y)0yiL. N 2(ca — 9)(z — w)(x — y)0y Lz

aij,z ' 8ij,z ~

(z —w)? i(z —w) i(z —w)?
—20282jL P —2(02 — g)(é — ?D)@Qj[, z
.2 N yJ L, yJ L,
a{L'JL,Z aij,Z ’L(Z o w) Z(Z _ w)2
9 _ ab _ 62 i 2) _ ab 82 =
Ot s - Oy s ~ —265D (2 —w) + (4 =9) (@ —y)Oyirz | 2Aea = 9)f(x — y)9y i,
’ ’ i(z —w) i(z —w)
2(64 - ) ab82.]L z _2(62 ) ab@Q.]L z
. 92
8x]L,z 0 ]L z Z(Z — ?I}) Z(Z — U))
2020, j1,.  2(c2 — 9)(Z — @)D} ]2
9. ) . N yJL, yJ L,
0Lz~ OyiL,z i(z —w) i(z —w)?
. . e — ) fP0%jr.  2(ca—9)fe0jL
O2jp.2 - Oyirz ~ A 9) — A 9)
i(z — w) i(z —w)

Ct 1

02Jp.,P1 ~ 2(x —y)0, — 2]®
xJL,z¥1 C++C_Z—U}[ (x y) ] ] 1

. c 1

8J1]L,zayq)1 ~ i

[2(z — )9 — 49, )@

cy te_z—w

. c 20, P
T
o z-
‘ ey 2020
0241, .0y B ~ —— Y (C.2)

cr e z—w

The OPEs of the current component jr > with the operator ®; are identical except the
overall factor outside is ¢_/(c4 +c—) and the antiholomorphic factor 1/(Z —w) replaces the
holomorphic factor. The contour integrals in equation (C.1) will pick up the poles in the
OPEs between the integrated operators. One useful point to note is that the mixed terms
in the OPEs, which contain both holomorphic and anti-holomorphic pieces in z —w do not
contribute to the contour integrals. The full computation is quite tedious. The key point
is that because of the relations (3.6) satisfied by the coefficients of the current algebra, the
computation is a simple non-chiral generalization of the calculation for the case with pure

NS flux [10].
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Let us illustrate this for the most singular term in the above OPE. It is obtained by
taking the most singular terms in the current-current OPEs (i.e. the doubles poles and the
contact terms). Collecting the four relevant terms in equation (C.1), we get :

i

-2
— [ du }[ [ - 7 0e01 - 0y0u A —236@) (2 — )ax<1>1-8y8w1\]- (C.3)
™

Let us first combine the first and the fourth terms, followed by the second and the third
terms. After performing the contour integration, this leads to

[ [(17;) Jim [0z ®1)(3w) - 0,00 (y; w)]

c3—¢C) .. .
# 02 iy [020,501)050) - 0,005 (©4)
The coefficients simplify thanks to the relations (3.6). The regular limit leads to a 62 (z—y)
factor and the most singular term in the OPE (C.1) occurs when both partial derivatives
02 act on it. Finally we obtain :

0:T(x) - T(y) = —w036@ (x — )T + ..., (C.5)

where I is the operator defined in equation (4.36) that we already encountered in the
self-OPE of the R-current.
Integrating with respect to Z, we find

31
T(x) - Tly) = ——+... C.6
() TW) = = (C8)
which gives ¢ = 6 1. This generalizes the result of [10] to AdS3 x S3 backgrounds which
include RR fluxes. A similar analysis can be done for all the other terms leading to the

standard operator product expansion for the energy-momentum tensor.
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